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Membrane filters
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Fig. 2. A few examples of porous structures produced in thin polymeric !lms using various methods of irradiation and chemical treatment: (A)
cross section of a polycarbonate TM with cylindrical non-parallel pore channels; (B) polypropylene TM with slightly conical (tapered towards
the center) parallel pores; (C) polyethylene terephthalate TM with cigar-like pores; (D) polyethylene terephthalate TM with “bow-tie” pores.

pores can be modi!ed by covalent binding of charged groups
or by adsorption of ionic polyelectrolytes (Froehlich and
Woermann, 1986). The immobilization of aminoacids to the
PET track membranes based on the reactions of end carboxyl
and hydroxyl groups was reported (Marchand-Brynaert
et al., 1995; Mougenot et al., 1996). However, the surface
density of the immobilized in this way species is rather
low.
The radiation-induced graft polymerization onto track

membranes is a process which has been studied in more
detail (Zhitariuk et al., 1989; Zhitariuk, 1993; Tischenko
et al., 1991; Shtanko and Zhitariuk, 1995). Styrene (St),
methacrylic acid (MAA), N -vinyl pyrrolidone (VP),
2-methyl 5-vinyl pyridine (2M5VP), N -isopropyl acryl-
amide (NIPAAM) and some other monomers have been
grafted onto PET track membranes. Grafting of St in-
creases the chemical resistance and makes the membrane
hydrophobic. MAA and VP were grafted onto TMs to in-
crease wettability which is especially important when aque-
ous solutions are !ltered through small-pore membranes.
2M5VP was grafted with the aim to make the membrane
hydrophilic and change its surface charge from negative to
positive. During the past decade the grafting of NIPAAM
and other intelligent polymers were extensively studied in
the research work carried out at TRCRE (Takasaki) and
GSI (Darmstadt) (Yoshida et al., 1993, 1997; Reber et al.,
1995).

7. Applications

Applications of commercially produced track membranes
can be categorized into three groups: (i) process !ltration;
(ii) cell culture; (iii) laboratory !ltration. The process !l-
tration implies the use of membranes mostly in the form
of cartridges with a membrane area of at least 1 m2. Pu-
ri!cation of deionized water in microelectronics, !ltration
of beverages, separation and concentration of various sus-
pensions are typical examples. There is a strong competi-
tion with other types of membranes available on the mar-
ket. Casting membranes often provide a higher dirt load-
ing capacity and a higher throughput. For this reason the
use of track membranes in this !eld is still limited (Brock,
1984).
In the recent years a series of products were de-

veloped for the use in the domain called cell and tis-
sue culture (Stevenson et al., 1988; Sergent-Engelen
et al., 1990; Peterson and Gruenhaupt, 1990; Roth-
man and Orci, 1990). Adapted over the years to a va-
riety of cell types, porous membrane !lters are now
recognized as providing signi!cant advantages for cul-
tivating cells and studying the cellular activities such
as transport, absorption and secretion (van Hinsbergh
et al., 1990). The use of permeable support systems based
on TMs has proven to be a valuable tool in the cell biology
(Costar=Nuclepore Catalog, 1992).

(a) (b) (c)

Figure 1: Magnified membrane with various pore distributions and sizes ((a) is from [7], (b) and (c) are from [8]).
Photograph (b) and (c) contain a 1 µm scalebar for reference.

Particles larger than the pores cannot pass through the membrane. Assuming that such particles
follow streamlines (advection-dominated flow with large particle Peclet number), they will be de-
posited on top of pores, blocking them. (ii) Particles smaller than the membrane pore size are
deposited (or adsorbed) within the pores, shrinking the pore diameter and increasing membrane
resistance. (iii) Once pores are blocked, other particles can form a cake on top of the membrane,
adding additional resistance via another porous layer on top. Mathematical models for all three
fouling mechanisms have been proposed, based mostly on empirical laws of how membrane resis-
tance relates to total volume of filtrate processed, or net flow-rate through the membrane, in the
di↵erent fouling regimes (see, for example, [1, 4, 5, 16, 25], among many others). In this paper we
take a di↵erent approach, which accounts for the fluid dynamics through idealized pores of specified
geometries, and models from first principles the fouling due to adsorption and sieving.

Various models for filtration and fouling, which attempt to address aspects of the e↵ect of the
pores’ size, geometry and distribution within the membrane, have been formulated and examined
by researchers to date (e.g. [10, 12, 13, 17–19, 24, 26, 27]). Several models have been proposed for
describing so-called “standard blocking”; the internal stenosis of membrane pores by deposition of
small particles. Most such models are based on simplifying assumptions such as uniform deposition
of particles on pore walls, and round cylindrical pores that traverse the membrane depth. However,
as particles deposit on the pore walls, their concentration decreases along the pore depth and there-
fore the deposition rate, which is necessarily proportional to local particle concentration, decreases
as the feed passes towards the pore outlet. In other words, particle deposition is greater at the
upstream side of the filter (pore inlet) than at the downstream side (pore outlet). Experimentally,
rather steep particle deposition profiles across the depth of the membrane have been observed;
see [12] for recent results. To account for such e↵ects, Polyakov & Maksimov proposed what they
call an m-model [20, 21], based on the assumption that particles can deposit (uniformly) only over
the inlet portion of the pore walls characterized by the parameter m, the ratio of the length of this
portion to the whole pore length. The model was further refined in [22, 23]. Yuriy and Zydney as-
sume that particles can be collected by the walls of pores and the rate of this process is determined
by the deposition (filter) coe�cient, particle-collecting surface area inside the pore, and the local
concentration of particles in it. As the concentration of suspended particles decreases with pore
depth due to the deposition of particles on the inlet portion of the pore, the number of deposited
particles should decrease along the pore. Although they rely on the concept of the filter deposition
coe�cient, which takes into account nonuniform deposition of particles on the pore walls and pore
constriction, they still assume a round, initially cylindrical, pore profile. However the described
models there are capable of capturing the e↵ect of nonuniform pore profile developing.

In reality of course, particle deposition is not uniform, neither are the membrane pores cylin-
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Membrane filters: Thin layers of porous media, through which “feed
solution”, carrying particles, passes. Designed to remove particles of a
certain size range from the feed.
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Problem presented by W.L. Gore & Associates
We have a porous material that is filled with a liquid solution
containing solute molecules (can be multiple species) with known
concentration. As the solvent evaporates solute
molecules deposit on the internal pore walls
within the material.

Develop a mathematical model that will predict
the mass distribution of solutes inside a porous
medium after the solvent has evaporated.

How does the mass distribution change
upon subsequent cycles of wetting?

How do the porosity and pore size
distribution, the initial concentration
of solute species and evaporation rate
affect the solute distribution?
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Extension of MPI 2020 model for particle deposition
Coupled eqns for particle conc C (z , t) and pore radius R(z , t).

Evolution of pore radius, initial condition R(z , 0) = R0(z),

∂R

∂t
= −χQw (C ), 0 ≤ z ≤ h(t).

Flat evaporation interface, z = h(t)
(neglect curved meniscus)

dh

dt
= −E .

Next

cycle

h(t)

z

R(z, t)

Reduced reaction diffusion equation, initial condition C (z , 0) = C 0(z),
∂

∂t
(CR2) = D

∂

∂z

(
R2∂C

∂z

)
− 2RQw (C ), 0 ≤ z ≤ h(t),

D
∂C

∂z
+

dh

dt
C = 0 at z = h, D

∂C

∂z
= 0 at z = 0.
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Extension of MPI 2020 model
Change of variables for fixed computational domain

Ĉ (y , t) = C (z , t), R̂(y , t) = R(z , t),

where z = h(t)y with 0 ≤ y ≤ 1.

Explicit time-stepping finite-difference numerics in MATLAB.

Fixed-domain BVP on 0 ≤ y ≤ 1:

Change of radius eqn:

∂R̂

∂t
− h′

h
y
∂R̂

∂y
= −χQw (Ĉ ).

Reaction diffusion eqn:
∂(Ĉ R̂2)

∂t
− h′

h
y
∂(Ĉ R̂2)

∂y
=

D

h2
∂

∂y

(
R̂2∂Ĉ

∂y

)
− 2R̂Qw (Ĉ ),

D

h

∂Ĉ

∂y
+ h′Ĉ = 0 at y = 1,

∂Ĉ

∂y
= 0 at y = 0.
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Results: deposition from under-saturated fluid
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Results: deposition from over-saturated fluid
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Results: pore radius/deposited particles

Uniform vs conical (slanted) pore

E = 1,D = 1, χ = 0.8, λ = 1,Csat = 0.5,C0 = 0.45,

Runi0 = 0.1,Rcon0 = 0.1 + 0.1(y − 0.5).
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Results
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Results: deposition for repeated wetting/drying cycles

Three cycles:

E = 1,D = 1, χ = 0.8, λ = 1,Csat = 0.5,C0 = 0.45,R0 = 1
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Macroscopic model
z

x

D

L

wet region Ωf

dry region Ωd

z = h(x)

Evaporation
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Governing equations

∂(φc)

∂t
=∇ · (D∇(φc))− f (φ, c), in Ωf ,

∂(φc)

∂x

∣∣∣∣
x=0

=
∂(φc)

∂x

∣∣∣∣
x=L

=
∂(φc)

∂z

∣∣∣∣
z=0

= 0,

D∇(φc) · n|z=h(x) = − λ̃Ecφ
∣∣∣
z=h(x)

.
z

x

D

L

wet region ⌦f

dry region ⌦d

z = h(x)

Evaporation
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Governing equations

Evolution of porosity φ due to particle deposition
∂φ

∂t
= −f (φ, c),

f (φ, c) = α̃φ1/2(c − c∗), c∗ = saturation concentration.

Evolution of the dry/wet interface z = h(x , t) due to evaporation

∂h

∂t
= −E (φ, c , h), E (φ, c , h) =

E0φh

K + c
or E ≡ E0.

After scaling, the leading-order equation for particles for ε = D/L� 1

−hx(φc)x + [−D(φc)xx + f (φ, c)] h + λ̃Eφc = 0.

Effective evaporation rate: Ē = 1
L

∫ L
0 E (φ, c, h) dx .

For simulations, we set α̃ = λ̃ = K = 1, c∗ = 0.1.
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Results
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Const. evaporation rate E ≡ E0, E0 = 0.1, D = 1.
ICs: h0 ≡ 1, φ0 = 0.3(1 + 0.5 cos(πx/L)), BCs: cx = 0 at x = 0, L.
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Results
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Results
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E (φ, c , h) =
E0φh

K + c
, E0 = 1, D = 1.
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Results
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E (φ, c , h) =
E0φh

K + c
, E0 = 1, D = 0.2.
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Single pore toy model

Figure: Problem sketch.
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Meniscus equations

Equation for the wall is given by:

f (z , t = 0) = tan(β)z + λ .

Shape of the meniscus at the top and bottom is given by:

h+ = z+w −
(
λ+ tan (β) z+w

)
cot (α + β) +

√
r+2 − x2 ,

h− = −z−w +
(
λ+ tan (β) z−w

)
cot (α− β)−

√
r−2 − x2 ,

respectively, where the radii of curvature for the menisci h± are

r± = x±w csc(α± β) =
(
λ+ tan(β)z±w

)
csc(α± β),

and the menisci touch the wall at points (±x+w (t), z+w (t)) and
(±x−w (t),−z−w (t)), respectively.
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Fluid non-dimensionalisation

We non-dimensionalised assuming that the pore is long and thin, and that
the velocity scale is given by the capillary terms. Our governing equations
are given by:

0 =
∂U

∂X
+
∂W

∂Z
,

0 = − 1

δ2
∂P

∂X
+
∂2U

∂X 2
+ δ2

∂2U

∂Z 2
,

0 = −∂P
∂Z

+
∂2W

∂X 2
+ δ2

∂2W

∂Z 2
,

with boundary conditions on the wall, X = ±F (Z ):

(δU,W ) · n̂ = 0 and (δU,W ) · t̂ = 0.
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Fluid non-dimensionalisation

At the upper meniscus, Z = H+:

P =
Γ

R+(Z+
w )
,

and at the lower meniscus, Z = H−:

P =
Γ

R−(Z−w )
,

We impose evaporation at the interfaces by writing

∂Z±W
∂T

= W (Z±W )∓ η,

where we define the dimensionless parameters η = µE/δγ0 and W (Z ) is
the cross-sectionally averaged velocity.
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Leading order problem
In the limit of small δ, i.e. a long thin pore, the leading order behaviour of
the system is:

0 =
∂U

∂X
+
∂W

∂Z
,

0 = −∂P
∂X

,

0 = −∂P
∂Z

+
∂2W

∂X 2
,

with boundary conditions on the wall (assuming the wall is stationary in
time) reducing to

U = 0 and W = 0 at X = ±F (Z ) ,

P =
Γ

R+(Z+
w )

at Z = H+ ,

P =
Γ

R−(Z−w )
at Z = H− .
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Leading order problem
We can solve for the pressure,

P =
Γ

R+
+

(
Γ

R+
− Γ

R−

)((
tan(β)

δ
Z+
w + 1

)−2
−
(

tan(β)

δ
Z + 1

)−2)
(

tan(β)

δ
Z−w + 1

)−2
−
(

tan(β)

δ
Z+
w + 1

)−2 ,

and we also find that the cross-sectionally averaged velocity, W , is related
to the pressure via

W (Z ) = −1

3
PZF

2.

This gives

W =

2 tan(β)

(
Γ

R+
− Γ

R−

)
3δ

(
tan(β)

δ
Z + 1

)((
tan(β)

δ
Z−w + 1

)−2
−
(

tan(β)

δ
Z+
w + 1

)−2) .
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Leading order solution

We use our equation for evaporation at the interfaces to obtain an ODE
for the movement height of the menisci at the wall over time, given by

∂Z±w
∂T

= W (Z±w )∓ η

with appropriate initial conditions for the menisci height starting points.
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Leading order solution

Figure: Movement of the menisci at the wall over time, for varying β .
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Homogenization model, main idea

Build equations on the microscale first.

Homogenize equations to build macroscopic laws

Large scale behavior should depend on integrated version of
microstructure as expressed by porosity- (and hence spatially-)
dependent parameters in macroscale equations parameters

References: Luckins et al. 2019: clean up of contaminant with interface
motion; Dalwadi et al. 2016: filtering with Darcy flow through

microstructure with growing obstacles.
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Microscale field equations

Incompressible Stokes flow

−∇̃p̃ + µ∇̃2ũ = 0, 0 = ∇̃ · ũ.

Solute within fluid can diffuse and is carried around by flow

∂c̃

∂ t̃
+ ∇̃ · (c̃ũ) = ∇̃ · (D∇̃c̃).

Boundaries:
1 Solute particles can deposit on fibers in a solid layer (conservation of

mass + chemical potential/other formulations depending on underlying
physics. Assume circular cross-sections).

2 Evaporation front (conservation of mass for solute and fluid; stress
boundary condition).
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Microscale boundary conditions

1 Solid deposition: front with radius R̃ moves at speed ˙̃R with unit
normal n.

I Various mechanisms encapsulated by general equations

ũ = −ν1 ˙̃Rn, c̃ − c̃sat = −ν2D
∂c̃

∂ñ
, ˙̃R = −ν3D

∂c̃

∂ñ
,

where ν1, ν2, ν3 are constants, relating flow to expansion of boundary
and concentration flux.

I csat is the saturation concentration (nonlinear generalizations of these
conditions are possible as in the MPI2020 report).

2 Evaporation front S̃ moving at speed ˙̃S with unit normal n
evaporation rate, E , assumed constant.

I Conservation of mass for solute and solvent

−D ∂c̃
∂ñ

+ c̃E = 0, ũ · n − ˙̃S = E .

I Balance stresses to obtain a dynamic boundary condition.
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Nondimensionalization

Devil in the details. Delay choices for now (probably E for velocity).
Goal is to have O(1) balance between Ṙ and c .

Critical parameter is ε = R0/L, ratio of micro- to macro-scales.

Field equations:

0 = ∇ · u, 0 = −∇P + ε2∇2u,

α
∂c

∂t
+∇ · (cu) = Pe−1∇ · (D∇c).

Evaporation boundary:

u · ne − Ṡ = e, −∂c
∂n

+ λεc = 0, dynamic b.c.

Deposition boundary:

u = βε
∂c

∂n
n, c + ε

∂c

∂n
= csat, Ṙ = c .

C. Breward, P. Broadbridge, L. Cummings, D. Edwards, H. El Kahza, M. Ellis, B. Gu, S. Han, B. Holzer, H. Ji, A. Kovacs, S. Llewellyn Smith, K. Naghibzadeh, S. Parsa, C. Please, H. Reynolds, P. Sanaei, D. Schwendeman, J. Troy, T. Witelski, N. Zhang, M. ZyskinMathematical Problems in Industry (MPI) WorkshopsW.L. Gore & Associates PresentationDrying in Porous MediaJune 18, 2021 31 / 38



Homogenization and expected equations
Darcy-type equation relating u and P within fluid

U = −K(φ)∇P.

K and D below come from solving a single “cell” problem (tensors if
the microstucture is not sufficiently symmetric).

φ is macroscopic porosity, related to obstacle growth by φ∂R/∂t = C .

Compressible flow driven by deposition of material on fibers

∇ ·U = αγ
∂R

∂t
.

Advection-diffusion-reaction equation for concentration

α
∂C

∂t
= ∇ ·

(
D(φ)∇C − C

φ
(U +D(φ)∇φ)

)
− f (φ)C ,

resemblance to continuum subgroup equations.

Equation of motion for interface looks like microscale version with
coefficients related to homogenization procedure.
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Network model main idea

(a) Top down view of
fibers of material, view
dark regions as pores,
which can be connected
laterally to others.

(b) Side profile of pore network model
structure. Nodes are at entrances/exits and
intersections of pores.

C. Breward, P. Broadbridge, L. Cummings, D. Edwards, H. El Kahza, M. Ellis, B. Gu, S. Han, B. Holzer, H. Ji, A. Kovacs, S. Llewellyn Smith, K. Naghibzadeh, S. Parsa, C. Please, H. Reynolds, P. Sanaei, D. Schwendeman, J. Troy, T. Witelski, N. Zhang, M. ZyskinMathematical Problems in Industry (MPI) WorkshopsW.L. Gore & Associates PresentationDrying in Porous MediaJune 18, 2021 33 / 38



Borrowing from a membrane filtration model

Gu, Kondic, and Cummings recently submitted “A Graphical
Representation of Membrane Filtration” which details how pressure
drives solution flow through a random network.

Nodes are connected by capillaries with
radius

length
� 1, allowing Darcy’s

Law and Poiseuille’s equation to be used to determine the flow rate.

Solving a matrix equation gives instantaneous flow rates within the
network, and can track concentration of the impurity and subsequent
pore shrinkage.

Modifications: Evaporation empties capillaries, capillary forces provide
pressure to move solution around. Residue deposition again
determined by continuum model.
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Governing equations
Darcy’s law, capillary pressure:

qij = kijpij , kij =
πr4ij

8µLij
, ∀i :

∑
j

qij = 0.

qij is flow from node i into node j , pij pressure difference across
nodes, kij pore conductance, rij and Lij pore radius & length.

Darcy’s law, capillary pressure:

pij =
γ cos θ

rij
.

γ is surface tension, θ contact angle.

Evaporation brings node exposed to the air down

dLij
dt

=

{
−Ej Node j exposed to air,

0 otherwise.
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Summary and conclusions

We considered multiple scales:
I Microscale (single pore)

1 Evaporation and deposition without capillary effects.
2 Evaporation and flow without deposition and considering capillary

effects.

I Macroscale:
1 Solve a general model without flow, for evaporation and deposition
2 Consider homogenization taking into account microscale and allowing

for fluid flow.
3 Network model which is not a continuum, but takes into account global

capillary effects.

Models are able to partially answer questions posed by W.L. Gore &
Associates.

Future improvements include linking micro and macro scale models;
and considering the three effects of evaporation, deposition, and flow
and their interplay.
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Thank you!

Thank You!

Questions??
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